This paper investigates the existence of positive solutions for a class of nonlinear fractional q-difference equations with integral boundary conditions. By applying monotone iterative method and some inequalities associated with the Green's function, the existence results of positive solutions and two iterative schemes approximating the solutions are established. An explicit example is given to illustrate the main result.
Introduction
We consider the following nonlinear fractional q-difference equation with integral boundary conditions: . To the best of authors' knowledge, there is still little utilization of the monotone iterative method to study the existence of positive solutions for boundary value problems of nonlinear fractional q-difference equations with integral boundary conditions.
The monotone iterative method is an interesting and effective technique for investigating the existence of solutions/positive solutions for nonlinear boundary value problems. This method has been paid more and more attention due to the advantage that the first term of the iterative sequences may be taken to be a constant function or a simple function; see [-] Motivated by the results mentioned above and the effectiveness and feasibility of monotone iterative method, we consider the existence of positive solutions for fractional q-difference boundary value problem (.). In Section , we present some preliminaries and lemmas that will be used to prove our main results. The main theorems are formulated and proved in Section . At last, an explicit example is given to illustrate the main result in Section .
Preliminaries
For the convenience of the reader, we present some necessary definitions and lemmas of fractional q-calculus theory. These details can be found in the recent literature; see [] and references therein. 
where
For  < q < , the q-derivative of a real valued function f is here defined by
and q-derivatives of higher order by
where m is the smallest integer greater than or equal to α.
Lemma . ([]) Let α, β ≥ , and f be a function defined on [, ]. Then the next formulas hold:
() (I β q I α q f )(x) = I α+β q f (x), () (D α q I α q f )(x) = f (x).
Lemma . ([]) Let α >  and p be a positive integer. Then the following equality holds:
For the our analysis, we need the following assumptions:
Now we derive the corresponding Green's function for boundary value problem (.), and obtain some properties of the Green's function.
Lemma . For any x ∈ C[, ], then the boundary value problem
has an unique solution given by
Proof In view of Definition . and Lemma ., we see that
From (.) and Lemma ., we can reduce (.) to the following equivalent integral equations:
Using the integral boundary condition:
Combining (.) and (.), we have
Multiplying both sides of (.) by g(t) and integrating the resulting identity with respect to t from  to , we obtain
Solving for
Combining (.) and (.), we get
G(t, qs)x(s) d q s.
This completes the proof of the lemma.
Lemma . ([]) The function H(t, s) defined by (.) has the following properties:
q α- t α- ( -t)( -qs) (α-) s q (α) ≤ H(t, qs) ≤ q[α -] q ( -qs) (α-) s q (α) . (  .   )
Lemma . The function G(t, s) defined by (.) satisfies the following inequalities:
, and
Proof It is evident by (.) that
Thus, by (.), (.), and (.), we have
G(t, qs) = H(t, qs)
For any t, s ∈ [, ], by (.), (.), and the right inequality of (.), we get
On the other hand, by (.), (.), and the left inequality of (.), we have
Then the proof is completed.
Main results
Consider the Banach space E = C[, ] with norm u = max ≤t≤ |u(t)| and define the cone K ⊂ E by
where ψ(t) is defined as Lemma .. We also define the operator T :
G(t, qs)h(s)f s, u(s) d q s, t ∈ [, ].
It is easy to prove that problem (.) is equivalent to the fixed point equation T u = u, u ∈ C .
Lemma . Assume that (H) and (H) hold. T is a completely continuous operator and
Proof In view of (.) we conclude that T (K ) ⊆ K . Applying the Arzela-Ascoli theorem and standard arguments, we conclude that T is a completely continuous operator. The proof is completed.
For convenience, we denote
By the condition (H) we deduce that >  is well defined.
Theorem . Assume that (H) and (H) hold. In addition, we assume that there exists a >  such that
where is given by (.). Then problem (.) has two positive solutions v * and w * satisfying 
Proof We will divide our proof into four steps.
Step
Thus by (.) and (.), we get
Step . The iterative sequence {v k } is increasing, and there exists v * ∈ K a such that Obviously,
It follows from (.) that T is nondecreasing, and then
Thus, by the induction, we have 
is a positive solution of problem (.).
Step . The iterative sequence {w k } is decreasing, and there exists w * ∈ K a such that lim k→∞ w k -w * = , and w * is a positive solution of problem (.).
Obviously,
. . . Since T is completely continuous, we assert that {w k } ∞ k= is a sequentially compact set. Since w  = T w  ∈ K a , by (.) and (.), we obtain
Thus we obtain w  (t) ≤ w  (t), t ∈ [, ], which together with (.) implies that
Thus, by the induction, we have
Hence, there exists w * ∈ K a such that lim k→∞ w k -w * = . Applying the continuity of T and the definition of K , we can concluded that w * (t) is a positive solution of problem (.).
By the induction, we have
The proof is complete.
Corollary . Assume that (H) and (H) hold. Suppose further that f (t, u) is nondecreasing in u for each t ∈ [, ] and
The conclusion of Theorem . is valid.
Remark . The iterative schemes in Theorem . start off with the zero function and a known simple function which is helpful for computational purpose, respectively. 
